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Abstract:

This document describes Cgins, a solver written using the Overture framework to solve the
incompressible Navier-Stokes (INS). Cgins can be used to the solve time-dependent Navier-Stokes
equations to second and fourth-order accuracy. There is also a pseudo-steady line implicit solver with a
nonlinear second- or fourth-order artificial dissipation.
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1 Introduction

This document is currently under development.
Cgins solves the incompressible Navier-Stokes equations on overlapping grids and is built upon the
Overture framework [1],[4],[2].

2 The Equations
The incompressible Navier-Stokes equations are

w + (u-V)u+ Vp =rvAu, (1)
V-u=0. (2)

We solve the incompressible Navier-Stokes equations written in the form (pressure-poisson system)

uw+ (u-Viu+Vp—vAu—f = 0 xeQ 3)
Ap—(Vu-u,+Vv-u,+Vw-u,) —Cy(v)V-u-V-f = 0
B<u7p) =0
V.ou — 0} x € 00}
u(x,0) = uy(x) att =0

There are ny boundary conditions, B(u, p) = 0, where n, is the number of space dimensions. On a no-slip
wall, for example, u = 0. In addition, a boundary condition is required for the pressure. The boundary
condition V - u = 0 is added. With this extra boundary condition it follows that the above problem is
equivalent to the formulation with the Poisson equation for the pressure replaced by V -u = 0 everywhere.
The term Cy(v)V - u appearing in the equation for the pressure is used to damp the divergence [5]. For
further details see also [3]

2.1 Addition of Temperature and Buoyancy: The Boussinesq Approximation
The effects of temperature and buoyancy can be modeled with the Boussinesq approximation given by
w+ (u-Vju+Vp—rvAu+agl —f =0,
Ap—J(Vu) —a(g-V)T -V -f =0,
Ti+ (- V)T — kAT — fr =0,
J(Vu)=(Vu-u, +Vv-u,+Vw - u,).

Here T represents a temperature perturbation, g is the acceleration due to gravity, « is the coefficient of
thermal expansivity and £ is a coefficient of thermal conductivity, &k = \/(pC)).
The Rayleigh number and Prandtl number are defined as

Ra = agATd*/(vk), Pr=v/k

where AT is the representative temperature difference and d is a length scale.
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2.2 A Visco-Plastic Flow Model

A model for visco-plastic flows (with possible buoyancy effects) is

w+ (u-Viu+Vp—V-o' +agl —f=0,
Ap—FJ(Vu)—-V-(V-o')—alg-V)T-V-f=0,
T, + (u- V)T — kAT — fr =0,

J(Vu) = (Vu-u, +Vu-u,+Vw-u,).

Here T represents a temperature perturbation, g is the acceleration due to gravity, « is the coefficient of
thermal expansivity and & is a coefficient of thermal conductivity, &k = \/(pC)).

The quantity o’ is the stress deviator. One model for visco-plastic models with a yield stress o, is
given by

o' = ne,
o, (T -
n= 2(77p(T) + y(T >(1 — exp(—me)),
e
Cis = 5(8% + 8xi>’

— 2. .
e = geijeij.

Here n = (e, 7_’) is the effective coefficient of viscosity that depends on the temperature and the
effective strain rate, €. 7, is the coefficient of viscosity in the plastic regime.
The limiting behaviours of the viscosity coefficient 7 for high and low strain rates are
n ~ 2n,(T), foré > o,
n ~ 2<np(T) + may(T)>, for & < o,.
The value of m is choosen to be large and positive (m ~ 100 — 1000) so that 7 is a large value when the
strain rates are small (corresponding to a nearly solid state with almost no flow). When the strain rates

become sufficiently large the fluid can flow with an effective coefficient of viscosity of 27),,.
Note that

1
(V-o'), = Ox, (775(8%.% + 8xiuj))
1 1
= énﬁzjﬁmjui + 5(8%77)(8%.% + Oy, u;)
where the incompressibility condition, 8%, u; = 0, has been used. It also follows that

1 1
V (V- 07) = 00, (5100, 00 5 + 5 (00,0)(Or, 15 + 0ryu) )

1 1 1

= §<8xi77)8xjaxjui + 5(80010%-77) (azjui + axiuj) + i(axjn)(ﬁxiaxiuj)
1

= (02;1) O, O 113 +- 5((‘3%8%77)(8%.% + Oy, u;)



3 DISCRETIZATION 5

In two dimensions

=2 2 2 1 2 2
e = 3<ux+ 2(uy+v$) +vy>
1 1
(V-o') = 57]Au +3 (nx(2u:p) + ny (uy + vw)>
1 1
(V- 0")z = 5ndo + 5 (ma(uy + ) +1,(20,))

V-(V- 0") = Nz Au + ny,Av + <77xxux + Ny (ty +vg) + Uyyvy>

3 Discretization

Let V; and P; denote the discrete approximations to u and p so that
V.~u(x;) , P =px;).
Here V; = (Vi;, Va;, V3;) and @ = (iq, @9, i3) is a multi-index. After discretizing in space the equations we
solve are of the form
IV + (V- Vi)Vi+ VP = vAV, — f(x;,t) = 0 ‘e Q
AP =% ViV Dy Vi—CqiVy -V, =V, - f(x;,t) = 0
V-V, =0
V(Xi, O) = Uo(Xi) att =0

} X E(’?Qh

where the divergence damping coefficient, C,; is defined below. The subscript “h” denotes a second or
fourth-order centred difference approximation,

0 o2
Dpn~—=—— 1, Vo= (Dip,Dop,Dsp) , Ap~ Fro)

Extra numerical boundary conditions are also added, see [3] [8] for further details. An artificial diffusion
term can be added to the momentum equations. This is described in section (6).
When discretized in space on an overlapping grid this system of PDEs can be thought of as a large

system of ODEs of the form

dU
— =F(t,U,P
dt F(tU,P)

where U is a vector of all solution values at all grid points. For the purpose of discussing time-stepping
methods it is often convenient to think of the pressure as simply a function of U, P = P(U) There are
also interpolation equations that need to be satisfied but this causes no difficulties.
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4 Dimensional Units and Non-dimensional Equations
When you solve the incompressible Navier-Stokes equations with Cgins it solves the following equations

u; + (u-V)u+ Vp = rvAu, 4)
V-u=0. (5)

There is only one parameter that you specify and that is v, the kinematic viscosity. Cgins does NOT scale
the input values that you specify for the initial conditions and boundary conditions. Cgins does not scale
the the dimensions of the grid. Also note that the pressure p is only determined up to a constant.

Let’s relate these equations to the equations in dimensional form,

1
u? + (u? - Vul + Evd = %Adud, 6)
veoud =0. (7)

Here the density p? is a constant and 4 is the constant viscosity. The superscript d denotes dimensional
units. For example, the components of u¢ might be measured in m/s, lengths in m, the pressure p¢ in
N/m? and the viscosity coefficient y in kg/(m s).

Suppose that you want to use dimensional units, for example MKS units, to specify a problem for
Cgins. The grid should then be built with dimensions in m. The inflow values for the velocity should be
given in m /s. The kinematic viscosity should be set equal to v = p/p¢ which has units m?/s. Comparing
equation (6) to equation (4) we see that the pressure computed by Cgins will be p = p?/p?. Thus you
should specify boundary conditions and initial conditions for p from p = p?/p? (which has units of
m?/s?).

In general one may want to non-dimensionalize the equations before solving them with Cgins. Let us
choose appropriate values, U, L, R, to scale the length, velocity and density, and define non-dimensional
variables

x" =x/L, " =p?/R, (8)
" =t4)(LJU), u"=u'/U, 9)
p" =p?/(RU?). (10)

The Navier-Stokes equations then become

1
u?, + (0" - V"u" + ﬁv" n— pnngLNun’ (11)

V*.u" =0. (12)

In this case we will generate the grid with lengths that have been scaled by L. We will specify inflow
velocities with values scaled by U, the pressure will be scaled by RU?, the kinematic viscosity will be
defined by v = u/(p"RU L) and the non-dimensional pressure p™ will be related to the computed value p

by p =p"/p".
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5 Divergence Damping

The divergence damping term, C,;V}, - V;, appears in the pressure equation. In simplified terms, the
coefficient C, is taken proportional to the inverse of the time step, Cy ~ ﬁ. In practice we have found
better results by taking Cq ~ <. For explicit time stepping theses are very similar since the explicit time

step restriction is something like Z—iﬁ < C. To allow for the case v = 0 we use the minumum grid spacing,

Pomin, instead of v, if hy,;, > v. The size of C affects the time step, the stability condition is proportional
to CyAt. As a result we do not want Cj to be much larger than 1/At, and thus it is limited by %t where
C, is a constant with default value of 0.25. (Note that we don’t actually know the true At at this point, it
depends on C}, so we just use a guess).

Here is the actual formula for the divergence damping coefficient:

Cyqi = min(D;, Ktt)

where

| 1 1
Di - C ,hmin
o max(v ) ((Ao,mxu)Q " (Ao 2,)? i (A07T3x3,¢)2)

1
Aoy Tmi = i(xm,ilﬂ — Tymiy—1) (undivided second difference)
Ponin = miin(||A+,,alxi||7 Ay Xl Agrxi|) (minimum grid spacing)

and where Cjy = 1. by default.

6 Artificial Diffusion

Cgins implements an artificial diffusion based on a second-order undivided difference or a fourth-order
undivided difference. The second-order artificial diffusion is

nqg
dp; = (ad21 + 2d22|V, Vi) Y Ay A,V (13)
m=1
while the in the fourth-order one is
nd
dy; = — (ad41 +add2|V, Vi) Y A2 A2V, (14)
m=1

Here |V, V;|; is the magnitude of the gradient of the velocity and A,,. are the forward and backward
undivided difference operators in direction m

IVaVili = ng2 30 St [ Dy Vail

AV, = V-V,
AV, = V;—V;
Ay Vi = Vi1 =V,

AQ,VZ' = Vi_Vigfl etc.
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The artificial diffusion is added to the momentum equations

%Vz + (Vz : Vh)Vl + VhR - yAhVi - f(Xi, t) - dm,i =0

but does not change the pressure equation. Typical choices for the constants ad21 = ad41 = 1 and

ad22 = ad42 = .5. These artificial diffusions should not affect the order of accuracy of the method. With

the artificial diffusion turned on to a sufficient degree, the real viscosity can be set at low as zero, nu = 0.
This form of the artficial diffusion is based on a theoretical result [6][7] that states that the minimum

scale, A\nin, of solutions to the incompressible Navier-Stokes equations is proportional to the square root

of the kinematic viscosity divided by the square root of the maximum velocity gradient:

1%
)\min .
= \ [Vu| +¢

This result is valid locally in space so that |Vu| measures the local value of the velocity gradient. The
minimum scale measures the size of the smallest eddy or width of the sharpest shear layer as a function
of the viscosity and the size of the gradients of u. Scales smaller than the minimum scale are in the
exponentially small part of the spectrum.

This result can be used to tell us the smallest value that we can choose for the (artificial) viscosity, /4,
and still obtain a reasonable numerical solution. We require that the artificial viscosity be large enough so
that the smallest (but still significant) features of the flow are resolved on the given mesh. If the local grid

spacing is h, then we need
VA
ho /=
\/ [Vu| + ¢

Vg = (Cl + Cg]Vu\)h2

This gives

and thus we can choose an artificial diffusion of
(c1 + co|Vul)h*Au

which is just the form (13).
In the fourth-order case we wish to add an artificial diffusion of the form

—VAA211

since, as we will see, this will lead to v4 o< h*. In this case, if we consider solutions to the incompressible
Navier-Stokes equations with the diffusion term v Au replaced by —v 4 A%u then the minimum scale would

be
” 1/4
Amin
B <|Vu|>

Following the previous argument leads us to choose an artificial diffusion of the form

—(01 + Cg\Vu])h4A2u

which is just like (14).



7 BOUNDARY CONDITIONS

7 Boundary Conditions
The boundary conditions for method INS are

noSlipWall = ¢ &~ & velocity specified
-u =0 divergence zero

n-u=g normal velocity specified
slipWall = t, -u) =0 normal derivative of tangential velcity is zero

V-u=0 divergence zero

velocity specified

inflowWithVelocityGiven
OJ,p = 0 normal derivative of the pressure zero.

outflow
ap + $0,p = g mixed derivative of p given.

) n-u: odd,t,, -u: even vector symmetry
symmetry =
Onp =10 normal derivative of the pressure zero.

= locit ified
dirichletBoundaryCondition = u=g velocity specifie
p = P pressure given

:
i
{extrapolate u
;
|
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8 Boundary conditions for the fourth-order method

Here are the analytic and numerical conditions that we impose at a boundary inorder to determine the

values of u at the two ghost points.
noSlipWall: Analytic boundary conditions

u = ug(x,t)
plus numerical boundary conditions
t, - {VAu—Vp—(u-V)u—ut} =0
Extrapolate t,-u =10

V-u=0
Op(V-u)=0

inflowWithVelocityGiven or outflow: Analytic boundary conditions for inflow are
u = uy(x,t) (inflow)

For outflow the equation is used on the boundary. The numerical boundary conditions are

t, - (Unn) =0
Extrapolate t,-u=0
V-u=0
Op(V-u)=0

slipWall: Analytic boundary conditions are
n-u=—n-up
The numerical boundary conditions are

t, - {uAu —Vp—(u-V)u— ut} =0 determines t, - u on the boundary

Discretizing the Boundary conditions: For the purposes of this discussion assume that the boundary
condition for u is of the form u(x,t) = ug(x, t) for x € 9€2. More general boundary conditions on u and
p, such as extrapolation conditions, can also be dealt with although some of the details of implementation
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may vary. At a boundary the following conditions are applied

Ui — uB(xi) =
Vs U,
D4n(v4 : Uz) -
%Ul -+ (Ul . V4)Uz + V4PZ — VA4Ui — fl =
AyP 43 0 VaUpyi - Dap, U; = Vy - f; =
t,- DL, U; = 0 }

DY P = 0

o OO oo

for ©+ € Boundary

for 7 € 2nd fictitious line

where t,,, u = 1,n4 — 1 are linearly independent vectors that are tangent to the boundary. In the extrap-
olation conditions either D, or D_,, should be chosen, as appropriate. Thus at each point along the
boundary there are 12 equations for the 12 unknowns (U, P;) located on the boundary and the 2 lines of
fictitious points. Note that two of the numerical boundary conditions couple the pressure and velocity. In
order to advance the velocity with an explicit time stepping method it convenient to decouple the solution
of the pressure equation from the solution of the velocity. A procedure to accomplish this is described in
the next section on time stepping.

Edges and Vertices: An important special case concerns obtaining solution values at points that lie
near edges and vertices of grids (or corners of grids in 2D). Define a boundary edge to be the edge that
is formed at the intersection of adjacent faces of the unit cube where both faces are boundaries of the
computational domain. Along a boundary edge, values of the solution are required at the fictitious points
in the region exterior to both boundary faces. For example, suppose that the edge defined by i; = n; 4,
lg = Ngq and i3 = ng,, ..., N3, 1s a boundary edge. Values must be determined at the exterior points
i = (1,4 +m,ngq +n,iz) form,n=—-2—1.

Here we derive a more accurate formula than was in my paper. These expressions will be exact for
polynomials of degree 4. By Taylor series,

u(ry,re) = u(0,0) + Dy(r1,72) + Da(r1,72) + D3(r1,72) + Dalr1,m2) + O(|I‘|6)

where

Dl(rla 7’2) = (7‘1(9,1 + TgaTQ)U(O, 0)
1
DQ(Tl, TQ) = 5(7“12831 + 7‘22832 + 27“17‘287»187»2)U(0, 0)

1
Ds(r1,12) = —(r1°02 + 15°02 + 3r1°r202,0,, + 3r112°0,, 07, )u(0,0)

3' T1¥re
We also have
u(—r1, —r2) = 2u(0,0) — u(ry, r2) + 2Ds(r1,72) + 2D4(r1,72) + O(Jr|%) (15)
U(2T’1, 27"2) = U(O, 0) + 2D1(7"1, ?”2) + 4D2(7"1, 7’2) + 8D3(7”1, 7“2) + 161)4(7’1, 7“2) + O(’I"6)
(16)
8u(ry, m2) — u(2ry,2ry) = Tu(0,0) + 6Dy (r1,72) + 4Do(11,79) — 8Dy(r1,72) + O(]r\6) 17)

From equation (17) we can solve for Dy(ry,73),

7 1 3 1
Dy(r1,m2) = gu(0,0) —u(ry,r) + gu(2T1727‘2) + 1171(7”1,7’2) + 57)2(7"1,7”2) + O<|7"|5 + |5|5)
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and substitute into equation (15)

15 1 3
u(—ry, —rg) = Zu(O, 0) — 3u(ry,re) + Zu(Zrl, 2ry) + 57)1(7“1,7‘2) +3Dy(r1,m9) + O(Jr|®)  (18)
We will use this last equation to determine u at the first corner ghost point, U_; _; ;,. Proceeding in a

similar way it follows that

u(—2ry, —ry) = 14—5u(0, 0) — 3u(2ry,re) + iu(élrl, 2ry) + ;171(27“1, T9) + 3Dy (211, 72) + O(|r|*)O(|r|%)
(19)

15 1 3 R

u(—ry, —2ry) = Zu(O, 0) — 3u(ry, 2r9) + Zu(?rl, 4rqy) + §D1(r1, 2r9) + 3Do(11, 2r2) + O(|r]”)O(|x]®)
(20)
u(—2r1, —2r9) = 30u(0,0) — 32u(ry,79) + 3u(2ry, 2ry) + 24D (r1, 12) + 24Do(r1, 72) + O(|r|*)O(|r|°)
(21)

from which we will determine the ghost points values at U_5 _5,,, U_9 _1;, and U_; _5,,. By sym-
metry we obtain formulae for ghost points outside all other edges in three-dimensions, U _3._1,, _2.1,
U,, —2.-1,—2._1. For ghost points outside the vertices in three-dimensions we have

15 1
u(—ry, —re, —T3) = Zu(O, 0) — 3u(ry,re,73) + Zu(?rl, 219, 213) (22)
3
+ 5171(7“1, r9,73) + 3Da(r1, 72, 73) + O(|r|*)O(|r|%) (23)

where

Di(ry,12,73) = (Tlarl +790,, + 7“3@«;;)“(070,0)

1
Da(r,r2,m3) = 5 <r12831 + 19202, + 13202 + 2r1750,,0ry + 271730, Oy + zwgamaw)u(o’ 0,0)
1 3 3 3
D3(7”177“2,7”3) ~ 3 Z Z Tmlrm2rm38mlamzam3u(0’0’0)
" mi=1mo=1mz=1
1
= 5 (7’1363 + 7”23832 + 7’3385’3 + 37’127”2831 87"2 + 37’17”2237«1832
+ 3T12r3a72'1aT3 + 3T1T328T1 833 + 37"227’3832873 + 3T2T328T2872'3 + 6T1T2T38T1 87“287“3)/11/(07 07 0)

In order to evaluate the formulae (18,19,20, 21,23) we need to evaluate the derivatives appearing in
D, and D,. All the non-mixed derivatives 9"u(0,0)/9", m = 1,2, can be evaluated using the boundary
values since these are all tangential derivatives. The second-order mixed derivative term such as ,,,
requires a bit more work. In two-dimensions we evaluate this term by taking the parametric derivatives of
the divergence, 0,, V - u = 0. Since
2 2

V-ou= Z(@xrn) Up, + Z(Gyrn) Ur,

n=1 n=1
then 0,,,V - u = 0 gives
(02T2) Upyry + (8yr2> Vpiry =(02T2)r; Ury + (0271) Upypy + (Op71 )y, Oy ut-
(ayTZ)m Up, + (8y7°1) Upypy + (ayrl)h Opyv
(ale) Upyry T (8yr1) Uryry :(817”2) Upyry T (aﬁﬂr2)T2 amu'“
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These last two equations can be solved for u,,,, and v,,,, in terms of known tangential derivatives.
In three dimensions taking the two parametric derivatives of the divergence,

(8337“2) Upyry + (8yr2) Upyry + (azr2> Wryry =--- (24)
(0271) Upyry + (ayrl) Vpyry + (0271) Wryry =... (25)

gives only two equations for the three unknowns, u,, ., , vy, and w,,,,. We therefore add an extra condition
by extrapolating the tangential component of the velocity,

ts - D—6|-,1,2Ui1—1,i2—1,i3 =0 (26)

Solve the last equation for t3 - U; 1,1, gives
ts - Ui 110 = E4 1063 - Ui —15-105 (27)
where we have introduced the operator 6}6“172. By substituting this last equation (27) into t3- equation (18),

15 1 3
ty-u(—ry, —re) = t3- (Zu(o, 0) — 3u(ry,m2) + Zu(2r1, 2ry) + 52?1(7“1, ro)u(0) + 3D2(r1,r2)u(0)>+0(|r|6)

we can eliminate t3 - U;,_; ;,_1 4, and obtain an equation for t; - u,,,, in terms of known quanitites,

15 1 3
t3 . (5i71,2Ui171,i271,i3) = t3 . (ZU(O, O) — 311(7’1, 7”2) + Zu(2r1, 27"2) + 57)1(7"1, 7’2)11(0)

3
5 (11202, + o202, + 1202, + 201720, 0y, + 201750, Dy, + 202750, 0r )0, 0))

or re-written as

1 15 1 3
t3 - 1,,,,(0,0) = g{t?) (€91 5Ui —1i-14) — b3 - <ZU(0, 0) — 3u(ry,r2) + 111(27’1, 2ry) + §D1(7’1, 72)u(0)

(28)
3
+ 5(7“12(931 + T22832 —+ 7“32833 + 27“17’38T1(9T3 + 27“27’38T28T3)U(0, O)}

To summarize we solve equations (24,25,28) for the three unknowns u,,,, Ur,r, and wy,,.

Solving the numerical boundary equations: The numerical boundary conditions (??) define the
values of U on two lines of fictitious points in terms of values of the velocity on the boundary and the
interior. The equations couple the unknowns in the tangential direction to the boundary so that in principle
a system of equations for all boundary points must be solved. However, when the grid is nearly orthogonal
to the boundary there is a much more efficient way to solve the boundary conditions. The first step in the
algorithm is to solve for the tangential components of the velocity from

Ui(t) —up(x;,t) = 0
ty - {%Ui(t) + (Ui(t) - Vo) Ui(t) + VaP*(t) — AU (t) — f} = 0
t,- DS, (Ui(t)) = 0}  fori e Second fictitious line

} for « € Boundary

If the grid is orthogonal to the boundary then the discrete Laplacian applied at boundary will not have any
mixed derivative terms. Therefore the only fictitious points appearing in the equation applied at the the
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boundary point (i1, iz, i3) will be the two points (i1, i2,i3 — n) n = 1,2 (here we assume that i3 is in the
normal direction to the boundary). Thus for each point on the boundary (41,2, ¢3) the values of t, - u
can be determined at the fictitious points (i1, 49,73 — 1) and (i1, i9, 73 — 2). There is no coupling between
adjacent boundary points so no large system of equations need be solved. The tangential components of
the velocity are determined for all fictitious points on the entire boundary. The second step is to determine
the the normal component of the velocity at the fictitious points from

U;(t) —up(x;,t) = 0
V., -Ui(t) = 0 for i € Boundary
D4n(V4 . Uz<t)) - O

If the grid is orthogonal to the boundary then the divergence on the boundary can be written in the form

1 0 0 0
Vo= €1€2€3 {%(62631& Wt 3—251(61631:1 Wt a—?52(61621:2 . u)}

where the e, are functions of 9x/0r. Note that only normal derivatives of n - u appear in the expression
for the divergence. Thus, at a boundary point, (i1,is,13), the stencil for V4 - U will only involve the
fictitious points at (iq,i9,73 — n), n = 1,2. Similarly, the stencil for D4, (V4 - U) at a boundary will
only involve the fictitious points at (i1, 7,73 — n), n = 1, 2. Thus there is no coupling between adjacent
boundary points and the unknown values for n - u can be easily determined. Note that the equations for
D4, (V4 - U) will couple values for t, - u at fictitious points along the boundary but these values have
already been determined in the first step.

In practice the boundary conditions are solved in a correction mode — some initial guess is assumed for
the values at the fictitious points and a correction is computed. If the grid is orthogonal or nearly orthogonal
to the boundary then the first correction will give an accurate answer to the boundary conditions. If the
grid is not orthogonal to the boundary then the solution procedure can repeated one or more times until a
desired accuracy is achieved. This iteration should converge quickly provided that the grid is not overly
skewed.
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9 Turbulence models

The typical RANS model for the incompressible Navier-Stokes equations which uses the Boussinesq eddy
viscosity approximation is

Ot + Oy, U + Oy, p = O, <(V + vp) Oy, u; + &Euk))

where vp is the turbulent eddy viscosity.

9.1 Spalart-Allmaras turbulence model
Spalart-Allmaras one equation model
vr = ﬁfvl
- 1
@17 + Uj&jﬂ == cblSﬁ — Cwlfw(ﬁ/d)2 + g [0k[(1/ + ﬂ)akﬁ] + Cbzakﬁakﬁ
ey = 1355, cpe = .622,¢,y = 7.1,0 = 2/3

|
o, Uteas) 03 9 k= Al

Cwl = s
K2 o
fo= s fam1- [”C?”?’Tm
7)1 — —’ 'U2 == - 77 w ==
X3+l 14 xfu 95+ cls
X = " g =1+ Cua(r® —1), r T
~ v
S=5+ wa’ S = /20

Q; = (1/2)(0,U; — 0;Uy) rotation tensor

Depends on d, the distance to the nearest surface.
Notes f,2 can be positive or negative but is bounded from above by 1 and below by ??

X
fv2_1_ 1+va1
=1- L
X+ 1/ (/X))
— 0 as y — 00
— 1 asx — 0
1
~1— an+ o) = —3/4 when y = ¢

Since f,2 can be negative, so can r and g.
On a rectangular grid this is discretized as

Ot + Ui Do, U + ViDy, Uy = o1 Si% — Con fuo(7/d)?
1
+ ED-H:[(V + ﬂil—%)D—rﬂi + D+y[(V + ﬂiz—l)D—yDi]

+ Cb2{(D0;cﬂ)2 + (DOyD)Q}
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Spalart-Allmaras functions
25 ‘ ‘ ‘

201

15F

101

16

Spalart-Allmaras functions

Y
N %

-0.5 0 0.5 1 15 2

15

Figure 1: Behaviour of the SpalartConvergence fudge functions

On curvilinear grids we use the conservative form of the second order term

10 8¢ 8 8o 8 8¢ ) 9
3 D B All_ . A22_ _ A12_ _ A21_
v (av¢) J{8T1 ( 87’1) * 87’2 ( 87"2) + 87"1 ( 87"2) + 67“2 ( 87“1 }
where
-67“1 2 (97"1 2
All — e i
aJ _al’l 8[)32
[Ory?  Ory?
2 _ 2z, T2
AT =aJ _aiL’l 8332 :|
-37’187’2 37’187”2
A12 —
al _8:1:'1 81'1 8.1'2 8$2:|

A second-order accurate compact discretization to this expression is

1

V- (aVo) ~ -

where we can define the cell average values for A™" by

11
All*% ~

2
AZ.Q_% ~

N =N =

{ D, (AL, D1,0) + Doy (42, D_1,0) + D, (A2 Doy, 8) + Dov, (4% Do) }

(A5 + AL

(A7 + 4550
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9.2 £k — e turbulence model
Here is the k£ — € model
vr = C,k*/e
E)tk: + Ujf)jk = TijajUZ‘ — €+ (%[(V + VT/O'k)ajk?]
atE + Ujaje = CelgTijajUi — 06262/]{3 + (%[(V + VT/O'e)ajE}
Ca=144, Cu=192, C,=.09, or=1, o0.=13
The production term is P = 7;;0;U;
P = TijajUi
= VT(ajUi + &UJ)GJU,
- %T(ajUi +0.U;)(0,U; + 0.U;)
vr

= T ((20)? 4 (20)7 + (202) 4 20y +02)? + 2w, + w2)* + 200 +w,)?)

= v (202 + 02 + 02) + (uy + v2)* + (s +w,) + (v: +1w,)?)

9.3 Diffusion Operator

When a turbulence model is added to the incompressible Navier-Stokes equation the diffusion operator
usually takes the form of

D; = Z O (VT(ainj + aa:juz‘)>
J

where we will write v instead of v 4 v in this section. In particular

D, = 0,(2vruy) + 0y(vruy) + 0. (vru,) + 0y (vrv,) + 0, (vrw,)
D, = 0,(vrvg) + 0,(2urvy) + 0.(vrv,) + 0. (vruy) + 0. (vrwy)
D,, = 0x(vrwy) + 0y(vrwy) + 0,(2vpw,) + 0y (vrv,) + 0x(vruy)

We can write these in a more “symmetric” form as follows. Since u, + v, + w, = 0, it follows that
Oy (Vruy) = —0,(vrvy) — 0y (vrw,)
and thus
D, = 0,(vruy) + 0y(vruy) + 0. (vru,) + 0y(vrvy) — Oy (vrvy) + 0. (vrw,) — 0y (vrw,)

Therefore the diffusion operator can be written in a form where the principle part is the same for all
components,

D, =V - (vrVu) + 0y(vrv,) — O (vrvy) + 0. (vrw,) — Ox(vrw,)
D, =V - (vrVv) + 0,(vrwy) — Oy (vrw,) + 0, (vruy,) — Oy (vruy)
Dy =V - (vpVw) + 0, (vru,) — 0.(vruy) + 0, (vrv,) — 0.(vrvy)
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Note that the highest order derivatives cancel in the last four terms in these expressions,
D, =V - (vrVu) + 0y(vr)vy — Ox(vr)vy + 0. (vr)w, — Ou(vr)w,
D, =V - (vpVv) + 0,(vr)w, — Oy(vr)w, + 0x(vr)uy — Oy (vr)u,
Dy, =V - (vrVw) + 0y (vr)u, — 0,(vr)uy + 0y (vr)v, — 0. (vr)vy

9.4 Revised pressure equation

When a turbulence model is added to the incompressible Navier-Stokes equation the diffusion operator
usually takes the form of

D; = Z O (VT(ainj + axjui)>
J

The pressure equation is derived from taking the divergence of the momentum equations,
ou+(u-Viu+Vp="D

and using V - u = 0 to give
Ap=—-Vu:Vu+V. -D

For a constant viscosity, the last term on the right hand side is zero. When the viscosity is not constant
we need to include the divergence of the diffusion operator in the equation for the pressure. This takes the

form
V- -D= Z Z&Eﬁx] |:1/T (895]“1 + 8Izuj):|
i J
_ Z 8z]~ [Z O, V1 8zjui] + Z O, [Z aij/T amuj}
r p i J
=2 0, [Z O, vr %%}
i J

where we have again used V - u = 0.
In two dimensions this takes the form

VDY =2 [0, (8 O+ Qyvr 00 ) + 0, (Do By + Dy Oy0)|
—2 [awyT A+ Pvr pu + 0,0,u7 Dyu
+ Oyvr Av + 0,0,vr Dy + vy ayv]
In three dimensions,
VDO =2 [0, (Do B+ Qyur v + vy Oy
+ 0, (amyT Oyu+ B,z Dyv + Dovr ayw)
+0. (0o 0.0+ Dyr D0+ 0w 0.0 |

=2 [am A+ Pvp Oy + 0,0,u7 Oyu + 8,0.v7 Oyu
+ Oyvy Av + 0,0yvp Opv + QSVT Oyv + 0,0,vr 0,v
+ 0.ur Aw + 0,00 e + 0,07 Dyw + Our azw}
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The addition of artificial dissipation also changes the pressure equation. The second-order artificial

dissipation is
nq

dg’i = (ad21 + ad22|VhVZ|1) Z Am+Am_Vi (29)
m=1
while the the fourth-order one is

nd
d,; = — (ad41l + ad42|V, V,|;) Z ANAN (30)

m=1

The artificial dissipation is of the form

d= [Oéo -+ oqg(Vu)] i AZH_AZL_H

m=1

G(Va) = Jug| + |uy| + [va] + [oy[ + ...

Taking the divergence of this expression results in
Ved=ai|6 Y ALLAL UG, ALLAL V]

where
G = sgn(uy) Ugy + 5gn(uy) Uszy + SEN(Vy) Vgy + 5g0(Vy) Vay + . ...

and sgn(z) is +1, —lor 0 forz > 0,z < 0 orx = 0.

9.4.1 Revised pressure boundary condition

The pressure boundary condition also is changed to include the new diffusion operator:
Owp=m1n- { —6tu—(u‘V)u—|—D}
We would like to write the diffusion operator in a way similiar to curl-curl form,
Au=-V xVxu+V(V-u),
used in the INS equations. Expanding the expression for D, gives

D, = 0,(2vruy,) + 0y(vruy) + 0, (vruy) + 0y(vrv,) + 0. (vrw,)
= 2UpUyy + Vplyy + Vrly, + 20,07y + Oyvr(uy + vy) + O,vp(uy + wy) + vp(Vgy + W)
= vpAu + 20,vru, + Oyvr(uy + v,) + Ovr(u, + wy)

where we have used v,,, + w,, = —u,, Thus we can write
D, = vpAu — 20,vr(vy + w,) + Oyvr(uy + vy) + Ovr(u, + wy)
This leads in two dimensions to the curl-curl form

DEP) = vp(—vgy + tyy) — 20,070y, + Oyvr(uy + v) (1)
D) = vp( Vaw — Uay) — 20,7, + Opvr(ve + wy) (32)

v
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while in three dimensions,

Dy = vp(—vgy — Was + Uy + Usz) — 20,07 (v + w,) + Oyvr(uy + vy) + Oovr(u, + wy) (33)
Dy = vr( Vpy — Uy — Wy + Vyz) — 20yvp(w, + uy) + O.vr (v, + wy) + Opvr (Vg + uy) (34)
Dy = vr( Way + Wyy — Ugz — Vyz) — 20,07 (uy + vy) + Opvr(wy + w,) + Oyvr(wy + v,) (35)

These curl-curl forms (31-35) remove the normal derivatives of the normal components of the velocity
from n - (D,,D,,D,). For example, the expression for D, contains no x-derivatives of u while D,
contains no y-derivatives of v.

The alternative conservative form is

D, = 0x(—2vr(vy + w,)) + 0y (vruy) + 0, (vru,) + 0y (vrv,) + 0. (vrw,)
D, = 0,(vrvy) + 0y(—2vp(uy + w,)) + 0, (vrv,) + Ou(vruy) + 0. (vrwy)
D,y = 0y (vrwy) + 0y (vrwy) + 0.(—2vp(uy + vy)) + 0y (vrv,) + 0y (vru,)
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10 Steady state line solver

We first consider the case of a rectangular grid in two space dimensions.
The implicit line solver uses local time stepping where the local time step A; is defined from

Aty = ...

We solve implicit scalar-tri-diagonal systems in each spatial direction. Along the x-direction we solve
a tridiagonal system for U, followed by a tridiagonal system for V' for the equations

Ut — up
S = ~{U" DU + V" Dy, U" + Do, P

+ V{D+mD_mU”+1 + (U, — 20" U ) /hf/}

+ AU A LA LU + (U, - 20 U7 b

Vn+1 Vn
A = LUn D v VDV 4 Dy, P
DDV (Vi — 2V V) 12

+ y(2) (Un){AerA,xanrl (Vﬁkl 2vn+1 + an,l)}

Here v?(U") is the coefficient of the artificial dissipation. There is also a self-adjoint version of the
artificial dissipation,

ﬁSA:A-s—z[Vi(f)_%A ]U+A+y[ @ A }U
:V(2)1(Ui1+1_U)_V (U Uzl 1)

i1+3
(2 ) (U12+1 - U) - Viz—%(U — UZ‘2_1)

—l—y

2 2 2 2
= Vi( J)r; i1+ u( 1% -1+ I/Z.(f)r% i1 T VZ.(Q)_% ir—1
(2) (2) (2) (2)

- (i iy iy e2y)u

After solving in the x-direction we then solve along lines in the y-direction.
On curvilinear grids the expressions are a bit more complicated. Before discretization the equations
transformed to the unit-square are

Uy = —{(urm + vry )uy + (uSy + VSy)us + repy + Sxps}
1

v {0, s+ ry,) + 0T (5000 + 5y0,)) |

Uy = TpUyp + Szpls
Uy = TylUy + Syl

J = 10x/0r| = x,ys — Tsyr

We solve scalar-tridiagonal-systems in the r and s directions.
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10.1 Fourth-order artificial dissipation

A fourth-order artificial dissipation is

<4>(U">{(A+fox>2U + (A AU }

or in a self-adjoint form

B = A [’ AHA,I} NN DV [
= A LA LU — 2N LA LU+ ALA LU
+ Vi2+1A+yA—in2+l — 2" A yA—,U + Vz(24) 1815 A Uiy
4 4 4
) Uiga = 2[v + V( N1 + 02 Ui oo = 2[00 + 101U,
4 4 4
+ VUi Uigsz = 2[0isy + 00 Usgir + v Uy — 2[0Sy + 0V Usys

4 4 4
+ [ 1(1J)rl + VZ(QJ)rl + 8V( ) + V(1) 1 + Vl(z) 1} U
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11 Convergence results

This section details the results of various convergence tests. Convergence results are run using the twilight-
zone option, also known less formally as the method of analytic solutions. In this case the equations are

forced so the the solution will be a known analytic function.

The tables show the maximum errors in the solution components. The rate shown is estimated conver-

gence rate, o, assuming error < h?. The rate is estimated by a least squares fit to the data.

The 2D trigonometric solution used as a twilight zone function is

u=g cos(mwor) cos(mwyy) cos(wsmt) +
1
V=1 sin(rwoz) sin(rwyy) cos(wsmt) +

p = cos(mwox) cos(mwyy) cos(wsmt) +

The 3D trigonometric solution is

When wy = w; = ws it follows that V - u = 0. There are also algebraic polynomial solutions of different

orders.

NI =

1
2

u = cos(mwpx) cos(mwiy) cos(mwez) cos(wsmt)

1

v=35 sin(mwoz) sin(rwyy) cos(mwqz) cos(wsmt)

1

w=g sin(7rwoz) sin(rwyy) sin(rwqz) cos(wsmt)

1

p=3 sin(mwoz) cos(rwyy) cos(mwez) sin(wsmt)

Tables (2-6) show results from running Cgins on various grids.

grid N p u v u V-u
square20 [ 20 | 29 x 107! [ 34 x 1072 | 3.4x 1072 | 3.4x 1072 | 5.0 x 107!
square30 [ 30 | 96 x 1072 | 1.3 x 1072 | 1.2x 1072 [ 1.3x 1072 | 1.8 x 107!
squared0 | 40 | 45x 1072 | 72x 1072 | 6.7x 1072 | 7.2 x 1073 | 8.1 x 1072
rate 2.69 2.23 2.34 2.24 2.61

Table 1: incompressible Navier Stokes, order=2, v = 0.1, t = 1, square, trig TZ, w = 5.1, a =1

grid N p u v u V-u
squarel6.orderd | 16 [ 8.3 x 1072 [ 1.2x 1072 | 1.2 x 1072 | 1.2 x 1072 | 1.4 x 10~*
square32.orderd | 32 [ 6.5 x 1072 | 4.8 x 107* | 3.9 x 107* | 4.8 x 107* | 7.6 x 1073
square64.orderd | 64 | 3.4 x 107% | 2.6 x 107 [ 2.3 x107° [ 2.6 x 107° | 2.6 x 1074
rate 3.97 4.41 4.50 4.41 4.54

Table 2: incompressible Navier Stokes, order=4, v = 0.1, t = 1, square, trig TZ, w = 5.1, a =1
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grid | N p u v V-u
cicl [13][26x1071[1.5x1071|1.6x 1071 [5.2x%x 107!
cic2 [ 25 [ 56x 1072 [24x107%2[26x1072]1.3x 107!
cic3 |49 [ 1.5 x 1072 [51x103|43x 107323 x 1072
cicd | 73 [39x102[13x103|74x10"*]49x 1073
rate 2.4 2.7 3.0 2.7

Table 3: incompressible Navier Stokes, order=2, v = 0.1, ¢t = 1, cic, trig TZ, w = 2

grid N p u v u V-u
cich.order4 | 61 [1.2x107* [ 3.8x107° |3.7x107°[38x 107> | 1.9x 10~*
cicoorder4 | 121 [ 9.6 x 107° | 1.7x 1079 | 21 x 107° [ 2.1 x 107° | 9.6 x 10~°
cic2.order4 [ 241 | 6.2x 1077 | 1.0x 1077 [ 1.2x 107" | 1.2x 1077 | 1.0 x 107
rate 3.86 4.30 4.18 4.19 3.78

Table 4: incompressible Navier Stokes, order=4, v = 0.1,¢ = 1, cic, trig TZ,w = 1, a =1

grid N p u v w V-u
box10 | 10 | 2.0 x 1072 [ 2.0 x 1073 | 2.1 x 1073 | 2.1 x 1073 | 1.7 x 1072
box20 [ 20 | 5.0 x 1072 [ 3.4 x 107% | 3.1 x 107* | 3.1 x 107 | 2.7 x 1073
box30 [ 30 [ 24 x 1072 [ 1.3x107* | 1.0x 107* | 1.0 x 107 | 8.1 x 10~*
rate 1.9 2.5 2.8 2.8 2.8

Table 5: incompressible Navier Stokes, order=2, v = 0.1, t = 1, box, trig TZ, w = 2

grid N p u v w V-u
box8.order4 8 [1.4x1072[29x107*|26x107*]26x107*|1.2x 1073
box16.orderd | 16 | 3.8 x 107 [ 8.4 x 107°% [ 7.8 x 107° | 7.8 x 107°% | 6.6 x 10~°
box32.orderd [ 32 [ 3.6 x 107° [ 1.7x 1077 | 1.8 x 1077 | 1.8 x 107" | 1.6 x 107
rate 4.3 5.4 5.2 5.2 4.8

Table 6: incompressible Navier Stokes, order=4, v = 0.1, ¢ = 1, box, trig TZ, w = 2

grid | N p u v w V-u
sibl |17 |28 x 107121 x107!|[14x107!'|1.2x1071]6.2x 107!
sib2 {33 62x1072|50x1072[3.0x1072|1.9x1072]1.9x 107!
sib2a {49 | 3.0x 1072 | 1.7x 1072 [ 88 x 1073 | 1.2x 1072 | 7.8 x 1072
rate 2.1 2.4 2.6 2.2 1.9

Table 7: incompressible Navier Stokes, order=2, v = 0.1, ¢ = 1, sib, trig TZ, w = 2
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grid N p u v w u V-u
sibl.orderd {30 | 1.0x 1072 [ 1.6x 1072 |88 x 1073 |75 x 1072 | 1.6 x 1072 | 8.3 x 1072
sibla.order4 | 60 | 8.2 x 107 [ 9.9x 107* [ 45 x107™* | 6.6 x 107 [ 9.9 x 107* | 6.2 x 1073
sib2.orderd |80 | 1.2 x107* |87 x 10 | 50x107° | 7.8 x 107® | 8.7 x 107° | 7.8 x 10~
rate 4.38 5.08 5.10 4.44 5.08 4.57

Table 8: incompressible Navier Stokes, order=4, v = 0.05,¢t = 1, sib, trig TZ,w =1, a =1

—0.50

—1.00 [}

2.00

1.00 [

0.5

0.00

incormpressible NS, nu=1.000000e—01 u
1.000, dt=6.06e—-03

1=

s

—2.00
=2.00

Figure 2: Incompressible N-S, twilight zone solution for convergence test
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12 Some interesting examples

Here is a collection of interesting examples computed with the Cgins incompressible solver.

12.1 Incompressible flow past a mast and sail

26

Figure (3) shows incompressible flow past a sail on a mast (grid created with Overture/ -

sanpl eG i ds/ mast Sai | 2d. cnd.

incompressible NS: 1=5.00e+00, p
dt=3.1e—02, nu=1.0e—02

0.50

0.00

-0.50

—1.00

-1.50

—2.00

—2.00 —1.00 0.00 1.00 200 3.00

incompressible NS: t=5.00e+00, (uyv)

dt=3.1e-02, nu=1.0e-02

200

150

100 [ — S ——

050 ﬁ

Figure 3: Incompressible flow past a mast and sail.
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12.2 Two falling bodies in an incompressible flow

Figure (4) shows two rigid bodies failing under the influence of gravity in an incompressible flow.
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Figure 4: Two falling bodies in an incompressible flow.
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12.3 Incompressible flow past a truck

Figure (5) shows a computation of the incompressible Navier-Stokes equations for flow past the cab of a
truck. The steady state line solver was used for this computation.

Figure 5: Incompressible flow past the cab of a truck. Shown are the CAD geometry, the grids and some

tracer particles.
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12.4 Incompressible flow past a city scape

Figure (12.4) shows a computation of the incompressible Navier-Stokes equations for flow past a city
scape. The steady state line solver was used for this computation. The command file for generat-
ing this grid is Overt ure/ sanpl eG i ds/ nmul ti Bui | di ngs. cnd and the Cgins command file
isi ns/ cnd/ mul ti Bui | di ngs. cnd.

3D flow past a city scape. Overlapping grid for a city scape.

Notes:

<) pseudo steady-state line implicit solver, 4th-order dissipation,
> local time-stepping (spatially varying dt)

¢ requires 1.4GB of memory,

& cpu = 29s/step,

<{» 2.2 GHz Xeon, 2 GB of memory
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